We have studied self-conjugate second-order equations with spinor wavefunctions for fermions moving in an external Coulomb field. For stationary states, the equations are characterized by separated states with positive and negative energies, which render probabilistic interpretation possible. For the Coulomb field of attraction, the energy spectrum of the secondorder equation coincides with the spectrum of the Dirac equation, while the probability densities of states are slightly different. For a Coulomb field of repulsion, there exists an impermeable potential barrier with radius depending on the classical electron radius and on the electron energy. The existence of the impermeable barrier does not contradict the results of experiment for determining the inner electron structure and does not affect (in the lowest order of perturbation theory) the Coulomb electron scattering cross section. The existence of the impermeable barrier can lead to positron confinement in supercritical nuclei with 170 Z  in case of realization of spontaneous emission of vacuum electron-positron pairs.
Introduction
In quantum mechanics, the motion of particles with a spin of ½ is described as a rule by the Dirac equation with first-order derivatives with respect to space-time variables of the bispinor wavefunction [1] . In [1] , Dirac also derived the second-order equations for fermions moving in an external electromagnetic field.
The motion of fermions in external force fields can also be described by self-conjugate equations with spinor wavefunctions [2] . In the transformation of the first-order Dirac equation to the self-conjugate second-order equation, the energy of a spin particle is conserved, while the probability densities for observing particle is different. This leads to new physical consequences.
For example, in the presence of event horizons, nonregular solutions to the Dirac equation in the Schwarzschild, Reissner-Nordström, Kerr, and Kerr-Newman external gravitational and electromagnetic fields become regular stationary solutions to second-order equations with square integrable spinor wave functions [3] - [5] .
This study is devoted to the analysis of stationary solutions to second-order equations for fermions moving in the Minkowsky space-time in an external Coulomb field.
The article is organized as follows.
In Section 2, for the sake of consistency of presentation, we consider the Dirac equations for a bispinor wavefunction. Non-self-conjugate second-order equations for spinor wavefunctions are also given.
In Section 3, the Dirac equations with spinor wavefunctions are analyzed, and their relationship with the Dirac equations in the Foldy-Wouthuysen representation [6] is established.
In Section 4, self-conjugate second-order equations with spinor wavefunctions are derived for fermions and antifermions in an external Coulomb field. Remarkably, these equations ware derived using closed similarity transformation. After separation of variables, equations for radial wavefunctions are derived. The admissibility of the probabilistic interpretation of spinor wavefunctions, which is identical to the interpretation for wavefunctions of the Klein-Gordon equations with separated states with positive and negative energies, is demonstrated [7] .
In Section 5, second-order solutions to the second-order equations in the Coulomb field of attraction are analyzed. It is shown that for identical energy spectra of hydrogen-like atoms, the probability densities of detection of fermions in the corresponding energy states slightly differ from the probability densities calculated using eigenfunctions of the Dirac equation. The difference increases with the growth of the atomic number Z .
In Section 6, the second-order equations in the Coulomb field of repulsion are analyzed.
The existence of an impenetrable potential barrier with a radius proportional to the classical fermion radius and inversely proportional to the fermion energy is demonstrated (for 2 E mc ), where E and m are the fermion energy and mass and c is the velocity of light. It is shown that the existence of the impenetrable barrier does not contradict the results of experiments on probing of the internal structure of the electron and does not affect (in the lower order of the perturbation theory) the Coulomb electron scattering cross section.
The existence of the impenetrable barrier may lead to confinement of positrons in supercritical nuclei with Z ≳170 during the emission of vacuum electron-positron pairs [8] - [10] .
The results obtained in this work are discussed in Conclusions.
Dirac equation for a bispinor wavefunction
The Dirac equation for the fermions of mass m and charge e , moving in an external electromagnetic field, can be written in the form
Here and below, we are using the system of units in which 1 c  and the following signature of the Minkowsky space-time:
In this expression, , 0 
Dirac equations with spinor wavefunctions
Using expressions (7), we obtain from Eq. 
The equations (8) and (10) to within terms on the order of 22 vc, where v is the particle velocity (see, for example, [11] )). The similarity transformations preserve the energies of states, but do not preserve their probability. In contrast to Eqs. (8) and (9) , the advantage of Eqs. (10), (11) is the existence of closed similarity transformations (31) for them.
In deriving Eqs. (8), (9) and (10), (11) , the problem of correctness of equalities (7) when their denominators tending to zero can arise. However, in this case (see Section 6) for physically admissible stationary solutions to Eqs. (10), (11), the following asymptotic forms exist: for antiparticles   0 E  . These asymptotics forms (with notation i    p ) are in conformity with expressions (7) . In should be noted that apparent singularity in relations (7) appears only in Coulomb fields of repulsion.
Let us now consider the probabilistic interpretation of wavefunctions in Eqs. (10), (11) in the presence of stationary states (12) . Let us begin with Eq. (10):
, using the method of successive approximations and substituting relations
into the denominator on the right hand side of expressions (13), we can obtain the following closed expression for the Hamiltonian of Eq. (13):
For stationary states of Eq. (11), an analogous procedure leads to the equation with the minus sign of the square root: (15) In expressions (14) and (15), rot  HA is the magnetic field. Equations (14) and (15) [12] . In this representation, the bispinor wavefunction and the Hamiltonian can be written in form [12] , [13] 
The expressions hold for any magnetic field magnitude. (20) This gives 
Equation (11) (26) Equations (21) and (26) are the first terms of the expansion of the Foldy-Wouthuysen
Hamiltonian in the external field   0 A r [6] . Performing the successive approximation procedure for stationary solutions to Eqs. (10) and (11), we can obtain the Foldy-Wouthuysen Hamiltonian in the form of a power series in eA . At each stage of successive approximations, the wavefunctions of Eqs. (10) and (11) are subjected to the corresponding nonunitary similarity transformations: In the presence of stationary states, analysis of Eqs. (10) and (11) with spinor wavefunctions leads to the following conclusions.
For
, Eqs. (10) and (11) (17)).
, Hamiltonian FW H can be obtained only in form of a power series in 2 p and 0 eA (first terms of the series in (21) and (26)). 8) and (9) . For stationary states (12) , the solutions to Eqs. (8) and (9), as well as Eqs. (10) and (11) (14), (15)).
Let us suppose that
. In this case, Eqs. (8) and (9) 
After transformations, Eqs. (8) and (9) 
It is well known (see, for example, [7] ), that the probabilistic interpretation is admissible for [19] . In should also be noted that the problem of "falling to the center" for Schrodinger-type equations applied for describing the motion of fermions in the Schwarzschild, Reissner-Nordström and Kerr-Newman fields was described in detail in [3] - [5] .
Second-order equations in a Coulomb field of attraction
It was shown as a result of calculations that the energy spectrum of second-order equation (39), as expected, coincides with the spectrum of hydrogen-like atoms, which can be obtained by solving Dirac equation (1).
A slightly different situation appears when probability densities (5) (with eigenfunctions of Dirac equation (1)) are compared with probability densities (36) (with eigenfunctions of Eqs.
(32), (36)). Our further analysis will be confined to comparison of probability densities with radial wavefunctions of Dirac equation (1) In the representation of the bispinor wavefunctions, we can single out radial functions    and   :
are spherical spinors [16] (see also expressions (37) and (38)).
Then, in accordance with relation (5), the probability of detecting a fermion at distance 
Even at this stage, it can be seen without calculations that probabilities (47) It was shown earlier numerically for solutions to the Dirac equation in the Kerr-Newman field with 1   for the case with potential barrier (52) followed by a potential well that radial functions behave in exact conformity with asymptotic form (56) [5] .
Second-order equations in the Coulomb field of repulsion.

Impenetrable potential barriers
However, the Coulomb functions of the continuous spectrum of hydrogen-like atoms with 1   for potential (49) do not vanish for cl   , but equal certain constants [16] . The existence of the impenetrable barrier indirectly reveals the relation between the spin and charge of elementary particles. Indeed, for spinless particles and unlike charges of the spin particle and the Coulomb potential, the impenetrable barrier does not exist, while for like charges of the spin particle and the Coulomb potential, the impenetrable barrier is present. The location of the barrier charges with the particle energy. Future models of the internal structure of leptons must describe qualitatively the qualitative relationship between the spin and charge of particles, which has been established above.
To use of self-conjugate second-order equations with spinor wavefunctions has already led to new physical results.
For external Schwarzschild, Reissner-Nordström, Kerr, and Kerr-Newman gravitational and electromagnetic fields, we have obtained regular stationary solutions to the second-order equations with square integrable spinor wavefunctions [3] - [5] . These solutions for the Dirac equation are nonregular and square nonintegrable.
Our analysis has shown that the use of second-order self-conjugate equations with spinor wavefunctions extends the possibilities of obtaining regular solutions of quantum mechanics in 21 external gravitational and electromagnetic fields. The solutions to the second-order equations in the Minkowsky space-time do not contradict the available experimental data at the given stage of investigations.
APPENDIX
Pruefer transformation and boundary conditions
For numerical solution of Eqs. (39) and (40), we have used the Pruefer transformation
[20] - [23] . 
